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Abstract 



We study supersymmetric domain wall solutions in four dimensions aris- 
ing from the compactification of type II supergravity on an SU(3) x SU (3) 
structure manifold. Using a pure spinor approach, we show that the super- 
symmetry variations can be reinterpreted as a generalisation of the Hitchin 
flow equations and describe the embedding of an SU(3) x SU(3) structure 
manifold into a G 2 x G 2 structure manifold. We find a precise agreement 
between the four- and ten-dimensional supergravity results. The flow equa- 
tions derived here should have applications in constructing the gravity duals 
of Chern-Simons-matter conformal field theories. 
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1 Introduction 



The task of finding compactifications of ten-dimensional supergravity that 
lead to a four- dimensional effective theory with M = 1 supersymmetry has 
received much attention. One promising approach is compactification with 
flux, where the internal manifold can be deformed away from being Ricci-flat 
(see, for instance, [l| for a review). Fluxes can induce torsion, meaning that 
the internal six-manifold will no longer have SU(3) holonomy, for example, 
but rather SU(2) or SU(3) structure. The constraints on the geometry of 
the internal manifold are then most conveniently rephrased in terms of gen- 
eralised complex geometry using SU(3) x SU(3) structures defined on the 
formal sum of the tangent and cotangent bundles 0, 0, 0, H, @, 0, @, B]- 
Finding explicit examples of such manifolds that lead to four-dimensional 
Minkowski vacua has proven difficult in practice [7|. This led to the search 
for alternative AdS± vacua (see 1(J 11. 12| and references therein) which may 
also provide a useful starting point for realistic models via the KKLT pro- 



posal [13J. In this paper we shall focus on another class of four-dimensional 



vacuum configurations - domain walls - which are readily found in gauged 
supergravity 14], llll |16(]. The near-horizon limit of a domain wall in four 
dimensions can produce an AdS& spacetime that can be interpreted as arising 
from an SU(3) x SU(3) structure reduction of type II supergravity [ill. \l2^. 
Much of the work to date has focused on the construction of examples of 
AdS± vacua that can be reinterpreted as stacks of orthogonally intersecting 
branes and Kaluza-Klein monopoles in ten dimensions. Domain wall probes 
in SU{3) x £77(3) structure backgrounds have also been studied for their 



interesting supersymmetry-breaking properties [17|. The aim of this article 
is to provide a general characterisation of domain wall vacua arising from 
£77(3) x ££7(3) structure compactifications. 

The equations of motion for supersymmetric domain wall configurations 



are known to reduce to a set of first-order flow equations for scalar fields [18 



This is exemplified in four-dimensional, matter-coupled, Af = 2 supergravity 
arising from type IIA supergravity compactified on a half-flat six-manifold. 
For a domain wall configuration one finds a set of first-order flow equations 
for the hyper and vector multiplet scalar fields. This system of equations 



can be shown to be equivalent to the Hitchin flow equations [14J, which 
describe the embedding of the half-flat SU(3) structure six-manifold into a 
GVholonomy seven- manifold with boundary [l9(. The mirror symmetric de- 
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scription of this configuration is given by type IIB supergravity compactified 
on a Calabi-Yau six-manifold with electric Neveu-Schwarz (NS) fluxes. This 
was further extended to type IIB supergravity with electric and magnetic 
NS fluxes in [l5|, which is mirror dual to type IIA supergravity compactified 
on a manifold with ££7(3) x SU(3) structure. The flow equations derived in 
four dimensions were shown to be equivalent to the generalised Hitchin flow 
equations 0,0], which describe the embedding of an SU(3) x SU(3) struc- 



ture manifold into G2 x G2, or generalised G2 [2l|, structure manifold. We 



shall further extend this analysis to a more general set of four-dimensional 
charges comprising torsion, Ramond-Ramond (RR), NS and non-geometric 
fluxes, and correspondingly derive a general set of flow equations in four and 
ten dimensions. Our results can be interpreted as describing the embedding 
of an £77(3) x SU(3) structure manifold into an 'almost' G2 x G 2 structure 
manifold, with the RR fields providing the obstruction to integrability of the 
generalised almost-G2 structure. 

The dual approach of analysing the domain wall flow equations in both 
four and ten dimensions has the advantage of circumventing some well-known 
problems. One of the outstanding technical issues in flux compactifications is 
to find an appropriate definition of the spectrum of light modes in the absence 
of harmonic forms 0, [iij . While progress has been made for coset- and nil- 
manifolds 231 ] . the comparison of the truncated four- dimensional theory and 
its ten-dimensional counterpart is complicated and unclear in general. On 
the other hand, from the four-dimensional gauged su pergra vity point of view, 
the models corresponding to flux compactifications 
compactifications with electric RR and NS fluxes 



SB, SU{3) structure 



26| and SU(3) x £77(3) 



structure compactifications with electric and magnetic RR and NS fluxes 



271 ] are well defined theories. In order to have a more complete understand- 



ing of generalised compactifications and the various low-energy vacua, it is 
worthwhile to study the problem in both four and ten dimensions. 

We shall initially follow the completely four-dimensional approach and 
look for half-supersymmetric, BPS, domain wall solutions of general gauged 
M = 2 supergravity. In section [2] we derive the domain wall flow equations, 



following the analysis of [15|, ]16|, |28| , and further discuss their modification in 
the presence of orientifold projections. In section [3] we shall derive the flow 
equations from the ten-dimensional perspective. Our goal will be to find a set 
of equations describing domain wall vacua of SU(3) xSU(3) structure com- 
pactifications by manipulating the ten-dimensional type II supersymmetry 
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transformations, inspired by the black hole discussion in [29]. For simplicity, 
we choose to focus on configurations preserving at least 1/16-supersymmetry 
i.e. at least two unbroken supercharges. This allows us to follow the calcu- 
lation of the M — 1, Minkowski and AdS^ vacuum conditions described in 
0], appropriately modified for domain wall spacetimes, and write our results 
in terms of pure spinors $ + and The resulting expressions will provide 
an extension of the results of [5] to compactifications with non-trivial RR 
fields, as well as more general domain wall profiles (see also for related 
work). In section H] we compare our two results and show that there is a 
precise agreement between the four- and ten-dimensional derivations. For 
clarity, we provide some simple examples with vanishing RR fluxes and we 
also discuss the extension of our results to a non-geometric setting. The gen- 
eralised Hitchin flow equations that we find are consistent with the proposal 
of generalised mirror symmetry jfjj], interchanging the IIA/IIB fluxes and the 
two pure spinors $ + <-> Furthermore, our results provide a useful on- 
shell check of the truncation and reduction proposal of We present our 
conclusions and discuss possible applications of our results in section 

The reader should be aware that in order to more easily make contact 
with the literature, we have chosen to use different metric conventions in 
four and ten dimensions, and that an explanation of the dictionary can be 
found in section [U Due to this technicality, we have provided a pedagogical 
review of our conventions in appendix [A] Appendices [B] and O contain a 
review of pure spinors and the necessary features of general four-dimensional, 
matter-coupled, M = 2 supergravity. Appendix [D] specialises to theories 
arising from type II supergravity compactified on SU(3) x SU(3) structure 
manifolds with electric and magnetic RR and NS fluxes. In appendix [E] 
we provide details of the derivation of the Hitchin flow equations from the 
four-dimensional Af = 2 supersymmetry transformations for SU(3) x SU(3) 
structure compactifications. 



2 Domain wall vacua in 4D supergravity 

2.1 4D J\f = 2 supergravity 

Let us consider an off-shell compactification of type IIA supergravity on an 
SU(3) x SU(3) structure manifold @, l3~l| Y, with an SU (3) structure man- 
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ifold Y [8] as a particular case. The resulting theory is a four-dimensional, 
J\f = 2 gauged supergravity coupled to riy = ft/ 1 ' 1 ) vector multiplets and 
n>H = (ft*- 2 ' 1 ) + 1) scalar/tensor hypermultiplets 24j, [25(. The most important 
point for us is the relation between the fields of type IIA supergravity and 
those of the four- dimensional theory. When compactifying on a Calabi-Yau 
manifold, one is accustomed to making a harmonic expansion of the various 
fields and truncating to the set of modes which are massless in four dimen- 
sions. Motivated by this, @, 0] proposed that in SU(3) and SU(3) x 577(3) 
compactifications, where the distinction between heavy and light modes is 
unclear due to the lack of a harmonic expansion, one should proceed by trun- 
cating the space of forms to a finite-dimensional subspace. The guiding phys- 
ical principle was that one should aim to be left with only the gravitational 
multiplet along with vector, tensor and hypermultiplets. In particular, all 
possible spin-3/2 multiplets should be projected out. Furthermore, the trun- 
cation should not break supersymmetry and, therefore, the special Kahler 
metrics on the moduli spaces of the pure spinors $>±, which are in one-to-one 
correspondence with metric deformations, should descend to the truncated 
subspaces. One then defines a set of basis forms on these subspaces, in terms 
of which the ten-dimensional fields and the pure spinors can be expanded. 
We shall now review our conventions for the truncated pure spinors, which 
we denote $± and $± in the SU(3) and SU(3) x SU(3) structure cases, 
respectively. We refer the reader to appendix [D] for further details. 

When Y has SU(3) structure the truncated pure spinors <&± are defined 

as 

$° = X a lo a - F A oo A , (2.1) 
$° = Z*a A - G vA (3 A , (2.2) 

where A = (0, i), i = l,...h^ and A = (0, a), a = 1, . . . h^. The 
non-harmonic basis of forms flD.3j) on Y is 

(u a ,lu a ), (a A ,(3 A ). (2.3) 

The rescaled sections introduced in (12.21) are defined as 

(^,G^)=^,G A ) , (2.4) 

where 7] is a normalisation factor (see the discussion around (ID. 131) for more 
details). X A and F A = are the homogeneous complex coordinates and 
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the derivative of the holomorphic prepotential F for the Kahler moduli, re- 
spectively. Z A and G A = -§§x are the homogeneous complex coordinates and 
the derivative of the holomorphic prepotential G for the complex structure 
moduli, respectively. 

The failure of the basis forms (12. 3p to be closed can be expressed as 

d H a A = e AA u A , d H (3 A = e A u A , 
d H u A = e\a A - e AA (3 A , d H u A = , (2.5) 

where it is convenient to define a twisted derivative operator du = d — HA. 
The NS flux gives rise to 

H = e A a A - e 0A {3 A , (2.6) 

which we shall call H deformations. We refer to the remaining flux parame- 
ters (ef, e Ai ) as T(orsion) deformations, as they all have a geometric origin. 
Finally, we note that d 2 = d 2 H = implies 

e AA e\ - e A ^e\ = . (2.7) 

The RR fluxes are introduced using the basis of even forms ( 12. 3ft , accord- 
ing to 

F flux = e A to A - m A to A . (2.8) 

The 577(3) x SU(3) structure case is somewhat more complicated. We 
shall review the main points here and refer the reader to appendix D for 
further explanations. When Y has S77(3) x 577(3) structure we define a 
basis of polyforms ( ID. 181) as 

(u a ,lu a ) A = 0,1,.../^ , (a A J A ) A = 0,l,...h^, (2.9) 

i.e. the basis forms are no longer of fixed degree. The truncated pure spinors 
are then defined as 

= X a Cj a — F A Cj a , (2.10) 
$° =Z A a A -G riA p A . (2.11) 

To discuss the non-closure of the basis forms (12. 9p it is convenient to introduce 
a generalised differential (see e.g. \^ and references therein) 

V = d - HA -Q ■ -i? L , (2.12) 
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where Q- and act on a generic fc-form C as 

(Q ' C) mi rnk _ 1 — Q [ mi C , a6m 2 ...m fc _ 1 ]; (-R L C)mi...m fc _ 3 — -R Cabcmi ...m k _ 3 ■ 

(2.13) 

The action of X> on the basis forms and the subsequent constraints on the 
fluxes is given in flTX34l) - flrl36j) . 

The RR fluxes are introduced using the same basis (12. 9p 

F flux = e A u A - m A iu A . (2.14) 

When considering the RR fields, it is useful to introduce a third polyform £ 
(that reduces to a three-form £ in SU(3) structure case) 

£ = ( A a A -( A P A , (2-15) 
such that the total RR contribution is given by 

F = V± + F flux . (2.16) 
In the SU(3) structure case this becomes 

F = d H i: + F flux . (2.17) 

The fields (( A , (a) are the RR scalars or dual tensors in the hypermultiplet 
sector in four dimensions. One may notice that the definition (12.151) is sensi- 
tive to the fact that some RR fields may appear as tensors in four dimensions 
in the SU(3) x SU(3) structure case. This is not a problem, as in all expres- 
sions of interest £ only appears through its generalised derivative VT, (I2.16p . 
which contains just the gauge invariant combinations that are not dualised 
into tensors [271 ]. Finally, we note that it is often convenient to introduce the 
rescaled RR fields 

(Of, Un)=v(C A , CO , (2-18) 
and the rescaled total RR contribution 

F n = f,F. (2.19) 

where fj is a normalization factor (see the discussion around (ID.22I) ). 

Let us now return to the four-dimensional, Af = 2 gauged supergravity. 
The gravitational multiplet is given by 

(s,*, ii>}, K) > ( 2 - 2 °) 
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where is the metric, ip A „, A = 1,2 are the two chiral gravitini and A ^ is 
the graviphoton. The vector multiplets are given by 

(4, X iA , X% f) , i = l,...,n v , (2.21) 

where A 1 are the gauge bosons, X tA are the doublets of chiral gaugini and t % 
are the complex scalar fields appearing in the expansion of truncated pure 
spinors^ and $^ ( 12. ip . (I2.10p . The hypermultiplets contain two chi- 
ral hyperini, which we collectively denote as and four bosons, which in 
principle can be scalar q u or tensor B I/JiV fields, 

(Cd, C, q u , £W , a = 1, . . . , 2n H + 2 , (2.22) 

ix = 1, ... , 4n# + 4 — ny, I = 1, . . . . 

If the tensors are massless, e.g. as happens for the universal hypermultiplet 
tensors in Calabi-Yau compactifications, they can be dualised into scalar 
fields; otherwise, they have to be kept as massive tensors. The scalar fields 
q u contain the dilaton tp, the complex scalars z a appearing in the expan- 
sion of the truncated pure spinors $° and $° ( I2.2p . (I2.1ip . and the scalars 
(( A , G) appearing in reduction of the RR sector. In the SU(3) structure 
case 26|, (( A , (a) appear as scalars in the four-dimensional theory, while 



in the SU(3) x SU(3) structure case [27| some combinations are dualised 
into tensors. The four-dimensional components of the NSNS two-form B^ v 
naturally appear as a tensor. Nevertheless, in the SU(3) structure case it is 
massless and for convenience it is dualised into a scalar. 

For the domain wall configurations that we are interested in, we only 
consider the situation where both the vector and tensor field strengths are 
vanishing. With this assumption the supersymmetry transformation laws for 
the fermions (1C.1I) simplify and the supersymmetry conditions are 

5^ A = ^i + ^ 7 /-0, (2.23) 
5\ iA = id^ l ^e A + W lM ez = , (2.24) 
*C* = ^ U Aa9,q u l fl e A + N A e A = 0. (2.25) 

Here P uA& parameterise the scalars in the hypermultiplets. Note that in 
the absence of (hyper) tensor multiplets, P uA& coincide with the vielbein 



1 We refer the reader to [1,0] for a thorough discussion of the reduction and truncation 
of the type II theories to four-dimensional N=2 supergravity. 
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of the quaternionic manifold. In the presence of (hyper) tensor multiples, 



they parameterise the scalars which have not been dualised into tensors [24 
The fermion shifts S Ab , W iAB and N$ encode the gauging. For the cases 



we are interested in, the gauging will always be Abelian |25l . 1261 . |27|. As a 
consequence, the electric and magnetic triholomorphic momentum map takes 
the simple form 

Pa = tiiki, Q A = ujk IA , (2.26) 

where k A are the Killing vectors associated to the gauge group and k IA are 
their magnetic duals. Using the homogeneous special coordinates X and the 
derivative of the holomorphic prepotential Fa for the Kahler moduli space, 
defined in appendix [Dj we can define an SU(2) triplet of superpotentials 



W = e— (X A P A - F\Q j , (2.27) 
such that the fermion shifts are related to the superpotentials W as follows 

S A b = ^Ab-W, (2.28) 

w iAB = id AB g ij v _w ^ ( 2 2Q ^ 

P (A N B )& = iBab^uW , (2.30) 

where and h uv are the metrics of the scalar cr-model in the vector and 
hypermultiplet sectors, respectively, and K + is the Kahler potential defined 
in (1D.9P and f1D.21h . It is convenient to decompose the SU{2) vector W into 
its norm and a unit norm vector n [28] 

W = Wn, n-n= 1 . (2.31) 

Multiplying (12.311) by n we obtain the expression for the "superpotential" 

W = n-W. (2.32) 

If we consider type IIA supergravity compactified on an SU (3) structure 
manifold with electric RR fluxes^! e\, the corresponding gauging of the J\f = 2 



2 The constants ca in [26( are related to the electric RR fluxes by ca = — 2eA- 
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supergravity [26J is purely electric, i.e. it corresponds to the choice Q A = 0. 
The components of the SU(2) superpotential W are given by 

W 1 = 2e v e £± ^X A Re(G A e A A - Z A e AA ) , 

W 2 = 2e v e £± ^X A Im(G'Ae A A - Z A e AA ) , 

W 3 = e 2 *e^X A (( A e A A - ( A e AA - 2e A ) , (2.33) 

where <p is the four-dimensional dilaton, related to the ten-dimensional dila- 
ton by 

e 20 = i e 2 ^+ . (2.34) 

K- is the Kahler potential defined in (1D.llj) and (1D.21[) . Using equations 
(ID. 371) . (ID. 381) and (ID. 391) we can rewrite the components of the superpoten- 
tial W in terms of the pure spinors (12. ip . (12.21) and the RR fields (12.171) as 
follows 

W 1 = -2e v+K +{d H Re&_, $°) , (2.35) 
W 2 = -2e v+K+ (d H Im<5>°_, $°) , (2.36) 
W 3 = —2e' p+K+ (Ffj, $° ) . (2.37) 

(-, •) is the Mukai pairing (IB.4[) and we have dropped the J Y from each bracket 
to keep our formula compact. 

If we consider the more general SU (3) x SU (3) structure case with electric 
and magnetic RR fluxes (e A , m A ), the theory will contain massive tensor 
multiplets and the components of the superpotential W are given by 27 



K,+K_ 



W l = 2e v e^- [X A Re{G A e A A - Z A e AA ) - F A Re{G A m AA - Z A m A A 
W 2 = 2 e^e £± ^ [X A lm{G A e\ - Z A e AA ) - F A lm{G A m AA - Z A m^ 



W 3 = e 2lp 



e 2 



X A (( A e\ - ( A e AA - 2e A ) - F A (C tA m AA - ( A m A - 2m A ) 

(2.38) 

Using equations (1D.37[) . (1D.38|) and (1D.39j) we can rewrite these expressions 
in terms of the pure spinors ( I2.10p . ( 12.111) and the RR fields (12.161) 

W 1 = -2e^+(PRe$°, $°) , (2.39) 
W 2 = -2e^ + (PIm<|)°, $°) , (2.40) 
W 3 = -2e^+(.F~, $°) . (2.41) 
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2.2 Domain wall solutions 

We are interested in domain wall spacetimes in four dimensions described by 
a metric of the formal 

ds\ = e 2U ^ Va pdx a dx' 3 - e~ 2pU{r) dr 2 , (2.42) 

where p is a constant and, for simplicity, we have chosen a flat worldvolume 
metric r] a p, and a, (3 = 0, 1,2. For the coordinate transverse to the domain 
wall, we will use V and '3' to denote a curved and flat index, respectively. 
We shall make the usual, physically motivated assumption that scalar fields 
will only depend on the direction transverse to the domain wall. 

We can now proceed to analyse the supersymmetry variations as in 0, 



281 ] . From Sip aA = we obtain 

U'e pU 73 e A = -2i n M We* , (2.43) 

where we have used that the domain wall is flat (13.11) and we have defined 
n AB = \^ ' & ab- The consistency of (12.431) implies 

e 2pU (U'(r)f = \W\ 2 => e pU U'(r) = ±\W\ . (2.44) 
Inserting (I2.44[) back into Sip aA = we obtain the BPS projector 



e 



A 



±hn-a ABl ze § , (2.45) 



where h is the U(l)y phase of W 

W = h\W\. (2.46) 

The subscript "y" refers to the line bundle of the special Kahler geometry 
of the vector multiplet scalars. From Stp rA = we obtain 

hd r h = ±ie- pU lm(hW) , (2.47) 
d r n M = . (2.48) 

For a constant curvature metric we have that [28| 

D a (hh A ) = -.HoHz hhe k , (2.49) 



3 In four dimensions we use the mostly-minus metric signature in order to be consistent 
with references 2(b 27j |. 
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which can be used in 5ip rA = in order to obtain 

- = ±\e u \m{hW) , (2.50) 
U> = ± e -pU Re (hW) , (2.51) 

where £~ 2 is proportional to the curvature. Comparing (I2.44p with (12.511) . or 
alternatively taking the limit I — > oo in ( 12.501) . we obtain 

Im(hW) = , (2.52) 

which implies from (I2.47P that d r h = 0. From (12.231) we further obtain the 
expression for the Killing spinor 

e A (r) = eh v e\ , (2.53) 

where e ^ is a constant spinor obeying the projection condition ( 12.45ft . Fi- 
nally, using the projector (12.451) in equations (12.24ft and ( 12.25ft we obtain the 
following set of flow equations 

d r f = Te- pU g* h VjW , (2.54) 
3 r q u = ^e~ pU g uv h d v W , (2.55) 
U' = ±e~ pU hW . (2.56) 

The detailed derivation of the generalised Hitchin flow equations from (I2.54p ~ 
(I2.56P is presented in appendix [Ej Here we shall only summarise the relevant 
results. 

By manipulating (I2.54[) we can derive the expression for the flow equation 
of Im(/i$+). Under the assumption that n does not depend on the vector 
multiplet scalars, we can put (12.541) into the desired form 

/ lm(he u +fx*)\ _ _l (1 _ p)u (W*\ 

where, in terms of the rescaled sections (I2.4f) and (12.181) . we have 
W A = 2n 1 e lp+h ^ \(ReG Av + kUv) ™ AA ~ ( ReZ v + m A ~ K V™ A 



W\ = 2n L e 



(ReG Ari + k ( Af ^ e\ - (ReZ^ + k (£e AA ) - k fj e A 



(2.5i 
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3 

where k = ^- is a constant, due to (12.481) . whose value depends on the specific 
solution. From the left-hand side of (12.571) we can immediately reconstruct 

d r Im(h e u+ ^2 L $1) ; while from the right-hand side (12.581) we obtain 

d r Im(he u+ ^$° + ) = -n 1 e v+ ^ +{1 - p)u [pRe<f>° + kfJ , (2.59) 

where T> is the generalised covariant derivative defined in (12.121) . The ma- 
nipulation of (I2.55P is more complicated and it is less straightforward to put 
it into the form of a flow equation for Im$_ , as explained in appendix [El In 
order to get rid of the terms that do not recombine into a partial derivative, 
we have to impose W 2 = 0, that is 

(DIm$°, $°) = 0. (2.60) 

Note that this does not necessarily imply the stronger condition VIm&°_ = 0. 
After some manipulation we then find that we can rewrite (I2.55P as 

where we have defined A 



l + K 2 ' 



£ A \ _ x ^ me(/ i F) A m^ A - Re(hX A ) ef\ 
£a)~ \MhF) A m\ - Re(hX A ) e AA J " 

From the left-hand side of (12.611) we can easily reconstruct (9 r Im(e^ 1 ~ A ^ f/H 5^$° ), 
while from the right-hand side (I2.62p we obtain 

d r Im(e {1 - x)u+ ^$°_ ) = n 1 e^ + ^ +(1 - A - p)c/ DRe(/il>° ) . (2.63) 

From the integration of (12.571) and (12.611) we also obtain 

Vlm(h^ + ) = X?Im<f>° = . (2.64) 

Putting this together we find that the generalised Hitchin flow equations are 
given by 

^ e -^ +pU d r lm{e^ u+ ^^°_ ) = e^)^^ £>Re(M»° ) , (2.65) 

-^e- v,+pU d T lm(e u+ ^h^>° + ) = -e u+5 ^ \vRe$°_ + kfJ , (2.66) 

£>Im<l = , (2.67) 
VIm(h$°, ) = . (2.68) 
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Note that for vanishing RR fields and RR fluxes k = X = 0. 

In order to prepare for the comparison with the ten-dimensional result, 
we will rewrite ( I2.65I) - (I2.68I) in a more convenient way. First, we can make 
use of the definitions (I2.19P and (jD.26j) . and use the dilaton relation (12.341) to 
substitute for K + . Then we can use the expression for the four- dimensional 
dilaton that is valid for domain wall configurations \U = —(<p + U) (see 
dEHH) ) to obtain 

A_ e -v+ P u-2(u+v) drlm ( e 2(u+v) e -^o_ ) = T>Re(e-<t>h®° + ) , (2.69) 
^ e -v + pU-(u+?) drlm ( e u+<p e -<t, h QO + ) = _x)R e ( e -0$o j _ Kv /2F,(2.70) 

PIm(e~*$ ) = , (2.71) 
VIm(e-^h^ + ) = . (2.72) 



2.3 Orientifold projection 

In the previous subsection we considered a supersymmetric domain wall solu- 
tion in Af = 2 supergravity preserving one half of the original supersymmetry 
(I2.45p . One can interpret such a solution as originating from the compactifi- 
cation of an appropriate ten-dimensional brane configuration filling three out 
of the four uncompactified spacetime directions, as we shall describe further 
in sections |3] and HI For consistency, such compactifications often require the 
introduction of orientifold planes which may produce a further reduction of 
supersymmetry. Here, we shall discuss how the flow equations that we have 
derived above get modified by such an orientifold-type projection. 



In |32J and 33] it was shown how one can perform a consistent trunca- 
tion of gauged Af = 2 supergravity with scalar and scalar-tensor multiplets, 
respectively, such that the Af = 2 multiplets are rearranged into Af = 1 
multiplets. The identification of the fields to be truncated out involves con- 
sidering the consistency of the fermionic supersymmetry transformation laws 
( IC.ll) when a linear combination of the two gravitini is set to zerc@ 



/V = o , (2.73) 



with the independent combination 



4 In this section we are using the notation of [3j 
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being identified with the Af = 1 gravitino. The projectors p A and q A satisfy 



V M PA = <1 M U = 1, P A1 U = 1 A] PA = • (2.75) 
Correspondingly the supersymmetry parameter combination 

( + =P M e A , (2.76) 
generates M = 1 supersymmetry, while the orthogonal combination 

A+ = q M e A , (2.77) 
should not appear in the M = 1 supersymmetry transformation laws. It is 



not difficult to realise [32] that the only way to achieve this without spoiling 
the Af = 1 supermultiplet structure is to set one of the two supersymmetry 
generators to zero A + = 0, as one might expect. Consistency of (I2.73P then 
requires that the corresponding gravitino shift is set to zero 

W ± = -2iq A] S M f® = . (2.78) 

Solving the condition (12.781) determines which scalar fields are truncated out 
by the projection and thus how the domain wall solution gets modified. The 
truncation of the other fermionic transformation laws provides conditions for 
the consistent reduction of the scalar manifolds [32]. We are not going to 
make any assumption about the preserved supersymmetry. Rather, as we did 
in the previous section, we will derive the BPS projectors from the supersym- 
metry conditions (I2.23p - fl2.25p . this time imposing f)2.78p . It is convenient to 
work from the outset in terms of the spinors (12.761) and (I2.77P , for which the 
BPS projector (J235D 

e A = T 2th 1 3 n A6 e 6 , (2.79) 



gives rise to 



where 



C+ = ±^73 [n\\ C- +"±A_] , 

A + = ±h-f 3 njA_ +n ± C- , (2-80) 
-2ip^n A6P **, n ± = -2iq^n M p** . (2.81) 
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Note that, according to (12.311) . 

W\\ = Wn\\ , W x = Wn ± . (2.82) 

It is natural to expect that on implementing the truncation, i.e. imposing 
condition (12~78|) 

W ± = n ± = , (2.83) 
we will obtain two copies of an Af = 1 \ BPS condition: 

C+ = ±/m,| 7 3C- , (2-84) 

A+ = ±/m{ 73 A_ . (2.85) 

In fact, let us consider again the component 5ip a = of equation (12.231) . this 
time imposing n± = 0, according to the truncation condition (I2.78p . We then 
find 

U'ei> u l3 (; + = n ll W(_ , (2.86) 



U'e pU -f 3 \ + = n|WA_ . (2.87) 

The consistency of these expressions again gives (12.44j) . If we now insert 
(I2.44p back into f!2.86j) and (12.871) we obtain, as expected, the projectors 
(I2.84p and (I2.85p . Continuing as before, we can use 5ip r A — to obtain 

n\\hd r (n\h) = ±ie- pU lm(hW) , (2.88) 
n\hdr(n\\h) = ±ie- pU lm(hW) , (2.89) 

together with (12.501) and (12.511) . From this we can deduce that d r h = and 
find the analogue of (12.481) 

a r n|| = . (2.90) 

Using 02.841) and 02.851) in (I2.24|) and (I2.25j) we can proceed as before and 
obtain equations (I2.54p and 02.551) . taking into account that due to the con- 
dition (12.781) the flow equations (12.541) and (12.551) are restricted to the set 
of scalars that survive the projection. From (12.231) we again obtain (I2.53p . 
which in the new basis reads 

C + = e^ u (l, (2.91) 
A + = e ^A° , (2.92) 
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where and A° are constant spinors subject to (I2.84p and §L 



As shown in |33j one can obtain three classes of projection of the Af = 2 
theory. Let us define 

PA = (f ) , (2-93) 

where the parameters a and b are complex constants satisfying (via (12.751) ) 
|a| 2 + |6| 2 = 1. For orientifold projections a and b further satisfy \a\ 2 — \b\ 2 = 
and are related to the phase 9 in (ID.24|) by e ld = 2\a\ 2 b/a*. The three types 
of projection are the "Heterotic" projection (a = 1, b = 0), which projects 

out all the RR fields, and two orientifold projections (a = -^=, b = 
(a = b = ^=Y For these different values of a and b we obtain 

(H) a = 1, b = , n ± = -n 3 = 0, n\\ = (n 1 + in 2 ) , 

[B) o=4-, 6 = — Is , n ± = n 2 = 0, nn = (n 1 + in 3 ) , 



1 


6 = 


j 


x/2> 






1 


6 = 


1 









(C) a = 73 ) &= -7f ) n ± = ra 1 = 0, n\\ = (n 3 + in 2 ) . 

It is straightforward to see that n\\ is pure phase using (12.311) and (I2.83[) . The 
condition (I2.83j) corresponds to W 3 = 0, W 2 = 0, W 1 = in the three cases 
if, B and C, respectively. This is enough to identify the reduction of the 
scalar sector and, hence, the corresponding truncation. 

Note that when manipulating (I2.55P we found that we could only write 
a flow equation for Im$° when W 2 = 0. This meant that a solution corre- 
sponding to the geometry described by (I2.65p - (l2.68p naturally splits Af = 2 
supersymmetry into two copies of Af = 1 via the choice B. This suggests 
that the ten-dimensional configurations that give rise to such domain wall 
solutions feature orientifold planes with 6 = ±| 0. 

Finally, we shall briefly discuss the truncation H, since it is likely to 
correspond to an SU(3) x SU (3) structure compactification of the Heterotic 



theory at the zeroth order in a'. As in [33] we can see that the constraint 



5 The ± sign is due to the SU( 2) symmetry of the problem that allows us to exchange 
£1 with en by acting with a 1 [33(. In our case, this would just correspond to a different 
choice of a and b. 
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W± = W 3 = implies that all the RR scalar fields and fluxes are identically 



zero 



C 4 = (a = e A = m A = , (2.94) 

and that the M = 1 Kahler-Hodge manifold is the product of the complex 
structure deformations and the Kahler class deformations. As there is no 
projection acting on the Calabi-Yau manifold, the definition of $± is the 
same as in the M = 2 case fl2.10p - fl2.lip . Finally, in the absence of the RR 
part, n 1 = 1 and k = A = 0, the equations f)2.69l) - fl2.72l) read 

d H Re(e-* h&%) = d y lm{e-* $°_) , (2.95) 

dtfRe(e-* $° ) = -dyhn{e" t> b$%) , (2.96) 

d H Im(e-* $°_) = , (2.97) 

d H Tm(e-* h§ + ) = , (2.98) 

where we have defined a new transverse coordinate 

8 y = e {1+p)u d r . (2.99) 

From the ten-dimensional perspective it is known that there are subtleties in 



the analysis of pure spinor equations for heterotic compactifications (see [37 
for a recent discussion), and so we shall leave a detailed discussion of this 
case for later work. 



3 Domain walls in 4D from 10D supergravity 

We will now turn to the derivation of the flow equations from the ten- 
dimensional perspective. We want to have a ten-dimensional type II su- 
pergravity configuration which gives rise to a domain wall in the effective, 
four- dimensional description. Therefore, we shall consider an ansatz for a 
spacetime of the form M 1,2 x^Mx^y, where Y is a SU(3) xSU(3) structure 
manifold and the products are warped. As we shall make use of the demo- 
cratic formalism 38], it is most convenient to work in the string frame. We 



will take the following general form for the metric: 

ds 2 = e 2AM (e 2V( - r) VaP dx a dx 13 + e 2G{r) dr 2 ) + g mn (r, y)dy m dy n , (3.1) 

where now a, (3 — 0, 1, 2 label the domain wall worldvolume directions, which 
are flat, and m,n = 1, ... 6 label directions on Y. A(y, r) is called the warp 
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factor and we want the term in brackets to describe a supersymmetric domain 
wall solution in four dimensions. We shall allow the ten-dimensional dilaton 
<p to depend on the transverse and internal coordinates <fi = <p(y,r), as is 
appropriate for a domain wall configuration. 

Let us introduce the modified RR field strengths 

F( n +1) = dC( n ) + H A C( n _ 2 ) , (3.2) 



where dC( n ) are the standard RR field strengths^. The most general RR flux 
decomposition respecting the domain wall symmetry is 

= vol dw A fts + dr A f,ti + F n + vol 4 A F n _ 4 , (3.3) 

where voldw and voU denote the obvious volume forms on the domain wall 
M 1 ' 2 and the total four-dimensional external space IR 1,2 x H r , respectively 
(both viewed from ten dimensions). All fs and F's are forms on the internal 
manifold Y. For domain walls the F p and F p are pure internal and external 
p-form fluxes, respectively. In type IIA, the index n runs over 0, 2, 4, 6, 8, 10 
while in type IIB n runs over 1, 3, 5, 7, 9. From now on, we shall set /" = = 
in agreement with the choice of section [2] where the tensor fields were 
set to zero. In four dimensions such tensor fields would correspond to fluxes 
on the domain wall worldvolume and are not considered in [9j, to which we 
want to make contact. 

The RR fluxes described above contain both field strengths and their 
duals, so we must impose the self-duality relations 

C = H*^ *.o fff„, , (3.4) 

between the lower and higher rank field strengths. Unless explicitly stated 
otherwise, we shall always make use of the self-duality relations to write the 
RR fields entirely in terms of F. 

The NS flux is decomposed in a similar manner as follows: 

#( 10 ) = H 3 + dr A b' 2 , (3.5) 

where H 3 and 62(2/; r ) are forms on Y, and ' denotes a transverse derivative 
d/d r . Once again, for simplicity we shall only consider the 62 = case here. 



6 We are essentially following the conventions of 0, El , up to some differences consisting 
in a sign for H in type IIB and the sign change C^n+i) ^ (~ )"C(2n+i) i n type HA. 
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3.1 Analysing the supersymmetry variations 



The type II gravitino and dilatino supersymmetry variations in string frame 
are 

8^m = {D M ±~ A H M V)e+^-Y j F < 2n Y M V n e , (3.6) 
1 16 z — ' 



n 



5X = (Y M d M <P± l -ltV)e + ^-y j Y M P 2n T M V n e, (3.7) 
I 16 * — ' 

where one chooses the upper sign for IIA and the lower sign for IIB. Capital 
Latin letters run over all ten directions. These expressions are written in the 
democratic formalism [38[ with all spinor indices suppressed; so, for instance, 
e = (e^e 2 ) is a doublet of ten-dimensional Majorana-Weyl spinors. The V 
matrices act on these doublets as V = T n and V n = T^cr 1 in type IIA, and 
as V = -ex 3 , V n = a 1 for (n/2 + 1/2) even and V n = ia 2 for (n/2 + 1/2) odd 
in type IIB. We will also make use of the modified dilatino variation [6J], 

5A = T M ijM -5X = , (3.8) 

in which all RR terms cancel. 

We begin by substituting our ansatz for the metric (13.11) . the RR fields 
(13.31) and the NS field (13.51) into the supersymmetry variations, 

8^ a = h^At 1 + \e A - G {V + A'^^e 1 - ^V a e 2 = , (3.9) 

Z Z o 

8^1 = drt 1 + \v r &At x - ^PT T e 2 = , (3.10) 
2 8 

= (D m + \H m ] e 1 - l f rn g' m n^ - j^ m e 2 = , (3.11) 
(l!-0<f>+^lt + WAj e 1 + (2V + 2A' - ^e-^^Trj 1 
+ I^ nm lTe 1 = 0, (3.12) 

where we have made the standard ansatz that e is independent of the world- 
volume coordinates e = e(y,r). Underlined indices are flat tangent space 
indices. From now on it should be understood that slashed quantities are 



5A 
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purely internal e.g. mf> = T m d m (p. The e 2 variations are found from the 
expressions above by taking the map 

it -if, P^+P, (3.13) 

and interchanging e 1 and e 2 . 

The transverse component of the gravitino variation 5ipl plays an impor- 
tant role in what follows. We want to manipulate this component so that 
we can determine the transverse dependence of the spinor parameter e. By 
comparing with the modified dilatino variation, it is straightforward to see 
that we can use the worldvolume component of the gravitino variation to 
simplify the transverse component. Specifically, we calculate T a Sipa and use 
the result to substitute for the @fA and RR terms in 5ipl = to find 

6$ = d r e l ~l(A' + V')e l = . (3.14) 

This is easily solved by a typical domain wall ansatz, factoring out the trans- 
verse dependence^: 

e(r-y m ) = e^ A+v h (y m ) . (3.15) 
If we then substitute this back into ( 13.101) we find 

5^ r = \{A! + VY + IrMe 1 - ^>i> 2 = , (3.16) 

Z Z o 

which is the same as dtp^ = 0. We should now decompose the ten-dimensional 
quantities appearing here into four- and six-dimensional components. This 
requires us to make an ansatz for the spinor decomposition and for the pro- 
jection condition enforced by the domain wall. 

3.2 jV = 1 spinor ansatz and the BPS projection con- 
dition 

Throughout the rest of this section will shall focus on type IIA supergravity, 
as the type IIB case proceeds analogously. For type IIA backgrounds the 
supersymmetry parameter is a ten-dimensional Majorana spinor e that can 

7 While (|3.15|) appears to be the same as (|2.53|) , the reader is reminded the two expres- 
sions are written in different frames. We shall carry out a comparison in section 21 
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be split into two Majorana-Weyl spinors of opposite chirality. In order to 
harness the compact pure spinor notation found in the equations describing 
J\f = 1 Minkowski and AdS vacua ((J, we shall consider backgrounds which 
initially preserve at least four supercharges before any domain wall projection 
conditions are applied. The Killing spinors can be decomposed as 

4(v) = C+®v+(y) + C-®v-\y) , 

4(y) = C + ®v { "\y) + C-^v { +\y) , (3.17) 

where ( + = (C-)* is a generic constant four- dimensional spinor of positive chi- 
rality, while the rj^ = (r]^)* are two particular six- dimensional commuting 
spinors of positive chirality that characterise the solution. In the usual abuse 
of notation, we use the subscripts ± to denote both four- and six-dimensional 
chirality. The norms of the internal spinors are defined as 

||^(l)||2 = | a |2 ; 1^(2)112=16(2 (3 . 18) 



We would like to find a domain wall solution preserving at least 1/2 of 
the M = 1 supersymmetry in four dimensions i.e. 2 supercharges. Therefore, 
we should expect the four four-dimensional supersymmetries to be related 
by a projection condition. Motivated by the probe Dp-brane supersymmetry 
projection for general J\f = 1 backgrounds [39l . |40|, we make the following 
ansatz for the domain wall projection condition: 

7o^C+ = « _1 C- 7rC+ = ia _1 C- • (3-19) 

Consistency of this ansatz requires that a is pure phase a -1 = a*. Following 



29j, it would be straightforward to extend our spinor ansatz (13.171) and the 
projection condition (13.191) to allow for a greater amount of supersymme- 
try. The projection condition (I3.19P is a physically well-motivated choice as 
it agrees with the supersymmetry constraints on ^-supersymmetric domain 



walls in M = 1 supergravity in four dimensions 18| and with (12.841) . 

It is natural to ask whether there is any relation between a, a and b. 
For probe D-branes in Minkowski or AdS background certain relations have 



been found for specific examples in [4l|. However, as this appears to be an 



example-dependent feature we shall not impose any further relations between 
the phase and the complex coefficients here. In general, we shall only require 
that the domain wall should preserve two of the four four-dimensional super- 
charges, corresponding to M = 1 supersymmetry on its worldvolume. From 



22 



the ten-dimensional perspective this amounts to a preservation of l/16th su- 
persymmetry. We shall not pursue this point any further, but refer the reader 
to [23j for a discussion of l/16th-supersymmetric type II intersecting brane 
configurations that give rise to domain walls after dimensional reduction on 
cosets and nilmanifolds. 



3.3 Pure spinors and Hitchin flows for domain wall 
vacua 

Using our ansatz for the projection condition (I3.19p . along with the 4 + 6 
decomposition of the spinors (I3.17p . we can now rewrite our supersymmetry 
variations in terms of pure spinors. We shall give the result here and refer to 
our appendix [B] and appendix A of 0] for further details of the calculations. 
We construct the normalised pure spinors from bispinors as follows: 



« r ± = -^2 ) ®^ t - (3-20) 



By virtue of ( 13. 15ft and (13.171) . the bispinors r]+ ® 7)± are independent of the 
transverse coordinate. However, using the Clifford map ( IB. 31) we see that the 
related differential polyforms have r-dependence through the vielbein. As is 
usual in the literature, we shall drop the slash notation which distinguishes 
the polyform and bispinor. We would now like to rewrite the supersymmetry 
conditions derived above in terms of differential constraints on Q± . After a 
lengthy calculation we find^l 

d H [e 2A -^Im$_] = , (3.21) 

d H [e 4A ^Re$„] = e 4A F - e'^^Im (a*d r [e 3A+3y ^$ + ]) ,(3.22) 

d H [e 3 ^Im («*$+)]= , (3.23) 

d H [e 3A -*Re(a*<5> + )] = e~ 2V - G d r lm [e 2A+2V ^_] , (3.24) 

where dn = d + HA is the twisted exterior derivative on the six-dimensional 
manifold Y. The result for type IIB is found by taking the map ( 13 . 1 3f) . 
In deriving these expressions we have made use of the following additional 
constraint derived from 5ijj m 

d\a\ 2 = \b\ 2 dA , d\b\ 2 = \a\ 2 dA . (3.25) 



3 These equations have been derived independently in [30(. 
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Note that we have used F = * cr(F), where a is an involution which reverses 
the order of indices on a form, to rewrite the RR fluxes F in terms of their du- 
als F. This makes it straightforward to verify that the above equations agree 



with those presented in |7|, |42|, |43j , in the limit where the four-dimensional 
component of the spacetime becomes Minkowski or AdS. 

In general, one finds that the right-hand side of (13.211) is non-vanishing 
and proportional to (|a| 2 — \ b\ 2 )F. As described in section [2731 orientifold pro- 
jections enforce |a| 2 = |5| 2 , and in [39] it was shown that the same condition 
is necessary for an TV = 1 Minkowski spacetime to admit supersymmetric 
probe D-branes. For anti-de Sitter spacetimes, one can show that |a| 2 = |6| 2 
is a consistency condition of the background itself Q, independent of the 
probe D-brane argument. When the warp factor A is independent of the 
transverse direction r, it is straightforward to check that the same holds true 
of the domain wall background (13.1 \ . 

We can also rewrite the four external components of the gravitino varia- 
tions, (13. 9p and (13.101) . in terms of the pure spinors. We have already shown 
that the transverse dependence of the spinor parameter e can be factored 
out (I3.15p . leaving us with just one equation (13.161) . which was used in the 
derivation of the (I3.21H3.2"4"1) . Equation (13. 16[) is a transverse flow equation 
for the metric data A and V, with a potential given in terms of F and dA. 
Following 0, [i^] , we will rewrite the potential using the Mukai pairing on the 
internal manifold (IB. 4p . Multiplying (13.161) on the right by 77+^ and taking 
the spinor trace we find 

V ; 4 ($_,$_) V ; 

and we see that the dA contribution drops out by virtue of the compatibility 
condition flB.101) . In the following section we will show how equations (13.211 



I3.24p and (13.261) agree with those derived by analysing the flow of the vector 
and hypermultiplet scalar fields in four dimensions. 



Hitchin flow 

We have shown that the set of equations (I3.21I) - (I3.24I) defined in terms of 
pure spinors on Y, along with (13.251) . describe the necessary conditions for a 
domain wall solution in four dimensions preserving at least 2 supercharges. 
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Following the literature discussing the cases with vanishing fluxes [5J (see 
also section 14. ip . it is interesting to ask whether there is a 7- dimensional 
interpretation of these results, where the manifold Y is fibred over an interval 
given by the direction transverse to the domain wall. In fact, following the 
discussion of the AdS± backgrounds in [43|, it is relatively straightforward to 
show that this set of equations can be rewritten in terms of a generalised Gi 
structure defined by (47lpl 

p = e A+G dr A Re$_ =F Im , (3.27) 

p = -Im$_ Te A+G dr A Re (a*$+) , (3.28) 

where p and p are related by the generalised Hodge star in seven dimensions. 
It is then possible to rewrite the six- dimensional pure spinor equations in 
terms of the seven-dimensional quantities as 

d H [(X A + v )-*p] = 0, (3.29) 
d H [e^ A+v ^p] = —e iA+3V+G dr A F , (3.30) 

where now dn = dn + drd r is the twisted exterior derivative in seven dimen- 
sions. These equations define a generalised G2 structure p which is integrable 
with respect to H and F, or, alternatively, an almost generalised G2 struc- 
ture with F providing the obstruction to integrability [20j, |43j . This implies 
that our set of equations fl3.2ip - fl3.24p are a form of generalised Hitchin flow 
equations describing the embedding of the SU(3) x SU(3) structure mani- 
fold Y into a generalised G2 manifold, where one now has G2 X G2 struc- 
ture defined on the formal sum of the tangent and cotangent bundles of the 
seven-manifold. Written in seven-dimensional notation, these equations are 
the same as their Minkowski [io| and AciS* counterparts j43|. One only no- 
tices a difference on decomposing p and p into forms on Y, when the more 
general r-dependence of the pure spinors on a domain wall background be- 



comes apparent. In Hitchin's original language [19J, the case with F = was 
called a strongly integrable generalised G2 structure. When the flux contri- 
bution dr A F is identified as being proportional to p, the flow equations give 
Hitchin's definition of a weakly integrable generalised G2 structure. 



3 We thank Paul Koerber for useful discussions on this point. 
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4 Comparing the flow equations 



In this section we shall show that our domain wall vacua equations derived 
in ten and four dimensions are in agreement. By directly studying the su- 
persymmetry variations for domain wall configurations we are essentially 
carrying out an on-shell (up to imposing Bianchi identities [44]) test of the 



procedure proposed in [9| for SU (3) x SU(3) structure compactifications. The 
analogous check for M = 1 Minkowski and AdS vacua has been carried out in 



34j . where it was shown that the pure spinor equations found in ten dimen- 
sions 0| agree with those found by first carrying out an SU(3) x SU (3) struc- 
ture compactification [i| and then looking at the conditions for maximally 
symmetric vacua. A key point in this check is the relation between the pure 
spinors in ten dimensions (13.201) and the Kaluza-Klein truncated pure spinors 
in the four-dimensional effective theory fl2TTU]) - (l2~TB . For SU(3) x SU(3) 
structure compactifications the truncation of the pure spinors such that ap- 
propriate special Kahler geometry arises in the kinetic terms of the resulting 
four-dimensional theory has been fully discussed in [9|. We have reviewed 
some necessary details of this in section [2] and appendix O, but for the re- 
mainder of this section it is sufficient for the reader to remember that one 
can make a rigourous comparison of the pure spinors. 

In order to compare our flow equations we have to pay attention to our 
conventions, in particular the metric signature and the choice of chirality as- 
signed to the spinors. The supersymmetry analysis in section [2] employed the 
mostly-minus metric signature (+, — , — , — L_in keeping with with previous 
four- dimensional supergravity conventions [l5|, whereas the ten-dimensional 
analysis used the mostly-plus signature (— , +, • ■ • , +) which is more common 
in the flux compactification literature [l| . We can rewrite our ten-dimensional 
expressions in the mostly-minus convention by inserting a minus sign for any 
explicit upper index or metric factor jmjv and multiplying all gamma ma- 
trices T M by i. Of particular importance is the projection condition f)3.19p . 
which becomes 

C + = a* lr _C- . (4.1) 

By comparing this with the four- dimensional projector (12.841) . we find that 
we should make the following identifications 

C+->(n;)ic+, <* = h. (4.2) 
The rescaling of spinors Q + can be understood as a Kahler transformation 
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in four dimensions, and is equivalent to the C* action on the pure spinors 

References jil, 0] assigned negative parity to e 1 and positive parity to e 2 , 
whereas we have used the opposite convention, see (I3.17p . Our pure spinors 
$± are mapped to the complex conjugate of those used in [1, |34j], denoted 
and we also need to send H — > —H. Therefore, we should work out the 
supersymmetry equations for Q± and map them to equations in terms of $° 



usm, 



B 



$+ — > $ + = X a lu a -F a lu a , (4.3) 



_($_) _^ <Z>°_ = Z A a A -G A (3 A , (4.4) 

The pure spinors $± are now the same as those employed in section El and 
they have been expanded on a finite basis of forms. As we found that \a\ 2 = 
\b\ 2 for domain wall backgrounds, the complex coefficients a and b in the pure 
spinors (I3.20p give rise to two combinations of phases. In fact, it is only the 
sum of the phases that is of physical significance, and it convenient to set 
the phase in $ + to be 1. For instance, in the SU(3) structure case we then 
have 



$ l | = e lJ , $ u = e™n v , (4.5) 

where now 9 is identified with the phase appearing in the compensator field 
C (ID. 241) . The normalisation ( 1B.11I) and compatibility (IB. 101) conditions for 
the SU(3) structure case are 

1 % 
JAQ v = 0, —JAJAJ= — Q V AQ V . (4.6) 
3! 8 

Let us look at how this effects the flow equations. In the reduction to 
four dimensions, the warp factor A (13.11) is neglected 0, 0]; hence, in order 
to perform our comparison we will set A = in fl3.21j) - fl3.24[) : 

d H [e'^lm ($° )] = (4.7) 
^[e-^Re($°)] = -F-e- 3V - G d r (lm[e 3V -<t>h$° + }), 

(4.8) 

d H [e-*1m (h$° + )] = (4.9) 
d H [e-^Re (h$l)] = e- 2V ~ G d r (im [e 2V ~* $°_]) , (4.10) 
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Unlike [3J|, we do not need to map the fluxes as we have used the uniform notation 
of [3^] throughout. 
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where now djj = d — HA. It is this set of equations (j4.7|) - (j4.10j) that should 
be used to compare with the results from section [2J To proceed further, we 
need a dictionary between the four-dimensional quantities U, <p and their 
ten-dimensional counterparts V, G. The standard relation between the ten- 
and four-dimensional Einstein frame metrics is 

ds 2 l0E = vol^ 1 ds\ E + g* n (r, y)dy m dy n , (4.11) 

where vol6 B is the volume of the internal manifold in ten-dimensional Einstein 
frame. Similarly, the dilatons <j) and (p are related by e~ 2{fi = e _2< ^vol6 s , where 
now volg s is the volume of the internal manifold in ten-dimensional string 
frame. Recall that the ten-dimensional Einstein frame metric g^ N and string 
frame metric g^ N are related by g^ IN = e^g^ N ; therefore, the volumes 
are related by vol6 s = e~vol 6j5 . Putting this together we find the relation 
between the ten-dimensional string frame metric and the four-dimensional 
Einstein frame metric 

ds\ Qs = e 2 ^dsl E + -- - . (4.12) 

We can now apply this to our metrics (13.11) and (12.421) to match the param- 
eters as follows 

V = y+U, G = cp-pU. (4.13) 

As an initial consistency check we can compare the expressions for the 
Killing spinors in four dimensions. The four- dimensional component of the 
Killing spinor that comes from decomposing the ten-dimensional solution 
(13.15!) naturally appears in string frame, ( = e 2" Co > where Co is an arbitrary 
constant spinor parameter. We can rescale this to Einstein frame in four 
dimensions using C — ► e~2"C- If we now use t ne matching of the metric 
factors (14.131) we find C = e 2" Co> which agrees with the result found from the 
four-dimensional approach (I2.9ip . 

Returning to the flow equations (I4.7p - (l4.10p . one can see that in order to 
have agreement we need to perform the following rescaling: 

^->e"X F -> kV2 e~ 2V F . (4.14) 

The rescaling of the pure spinors is easily achieved by appropriately fixing an 
overall V^-dependence of the internal metric g m n{r,y). However, the source 
of the ^/-rescaling of the RR term F is unclear. We believe that it is linked 
to a necessary rescaling of kinetic terms in the effective action which will 
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become clear upon a careful analysis of the dimensional reduction, and we 



shall pursue this point further in future work [45(. Despite this, it is pleasing 
to see that we are able to find an agreement between the domain wall vacuum 
equations in the four- and ten-dimensional approaches. 

Finally, let us now return to the equation derived from (13 . 16[) describing 
the behaviour of 7 (see (I3.26P ): 

y^J^Sl^A, (4.15) 

At first glance one might worry that this has not captured all the relevant 
terms in the transverse flow. From the four-dimensional perspective, we 
have already seen that the potential term in the transverse flow of the four- 
dimensional metric component U is given by W (I2.56p . which contains RR 
flux and torsion terms due to the non-closure of the pure spinors. This dis- 
crepancy is resolved by noting that a simple splitting of the ten-dimensional 
Einstein frame gravitino kinetic term using ipM = (VV; does not lead 
to a canonical kinetic term for the four- dimensional gravitino component 
jil, 0]. Rather, one should consider the combination ^ ^ = ip^ + \y^""^m- 
Applying this reasoning to the ten-dimensional supersymmetry transforma- 
tions one finds precisely the torsion terms (<3> + ,<i$_) that are missing from 
the right-hand side of (14.151) . in agreement with the four- dimensional result 
of section [2j We shall not write the expression here as it is equivalent to the 
four- dimensional result given earlier. 



4.1 Examples 

In this section we shall discuss some particular examples of the flow equations 
(I3.2ip - (|3.24p with certain fluxes vanishing. Switching on the different kinds 
of deformations, we find different behaviours for the field and K + , and 
different classes of metrics. The simplest metric is obtained when W 3 = 0, 
as in this case the four- dimensional dilaton is given by (IE. 16h 

e v = e~ u , (4.16) 

and, consequently, the relations (14. 13j) simplify to give 

7 = 0, G = -(l+p)U. (4.17) 
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The ten-dimensional metric then reads 



ds 2 10 = r] a pdx a dx p + e~ 2{1+v)u{r) dr 2 + g mn {r,y)dy m dy 



(4.18) 



Note that the factor G can always be absorbed by a rescaling dz = e~( 1+p ' u ( r >dr; 
thus, the resulting ten-dimensional metric is just that of M 1,3 x Y, where Y 
is an SU(3) x SU(3) structure manifold 



The simplest way to impose W 3 = is to set to zero the total RR term 
F = (ID.40p . i.e. not only the RR fluxes e& = m A = but also the scalars 



From the ten-dimensional perspective, strictly speaking the pure spinor 
equations describing M = 1 Minkowski and AdS vacua do not hold when 
F = 0, as the resulting vacua are in fact J\f — 2 [7j. This argument uses the 
fact that only the RR term mixes the two spinors e 1 , e 2 in the supersymmetry 
variations (l3.9l) -( l3~TTi) . Without this mixing there is no reason for one to not 
take the two four- dimensional components of the spinors to be independent 
parameters d and (2- This highlights the fact that the pure spinor equations 
derived above are formally conditions to have at least M = 1 supersymmetry, 
and in particular that F ^ does not necessarily imply Af = 1 supersym- 
metry, as can be seen explicitly in certain orientifold examples 0, H] . For 
domain wall backgrounds with F — 0, this equates to the situation where 
M = 2 supersymmetry is generated from two copies of M = 1, meaning that 
the BPS projection conditions do not mix £i and (2- It is then straight- 
forward to check that, with an appropriately modified projector ansatz, the 
supersymmetry conditions can still be consistently written as in the previous 
section. In four dimensions, we are working in an M = 2 language from the 
outset and the F = limit is perfectly consistent, being obtained by setting 
k = A = 0. 

Given the standard relation between the four- and ten-dimensional dila- 
tons (12.341) . we need to evaluate e~ K+ in order to determine the behaviour of 
e^. One can proceed by rewriting the flow equation (12.571) in components 



ds\ Q = 6^1,2 + dz 2 + ds^z) . 



(4.19) 



C A = U = 0. 



/ lm(he u+ ^) \ 
\m(he u+ ^X i ) 
lm{he u+1 -^F ) 

\lm(he u+ ^Fi) j 



_i e (i-p)t/ 
2 



[G°\ 

G l 
Go 



(4.20) 
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where we have chosen X° = 1. As one can see from (12.581) . Go contains the H 
deformation^] (e^ , c a), i-e. the NS fluxes (12.61) and the e component of the 
RR flux (jTX3l|) . The torsion T deformations {ef , e iA ) (ITIil) are all encoded 
in Gi, together with the e, components of the RR flux (ID.31j) . G° contains 



the non-geometric deformations of type R (m° A , m 0A ) (ID.34j) and the RR flux 



m° (ID.31I) . Finally, the G % contain the non-geometric deformations of type 



Q (rri A , m Ai ) (ITX34D and the RR fluxes m i flU3i]) . In the SU(3) structure 
case eo is the IIA massive supergravity parameter, i.e. the Romans mass, m° 
corresponds to the Freund- Rubin parameter, m % are the two-form fluxes and 
Ci are the four-form fluxes. 

From the structure of (I4.20p we can see that e K+ is extremely sensitive 
to the presence of G° and Imh. In fact, for G° = and Imh ^ 0, we find 
that e~ K + = e 2U . This case is particularly simple, as in the absence of RR 
terms (i.e. W 3 = 0) the ten-dimensional IIA dilaton is constant. In order 
to extract e~ K+ one has to solve (I4.20p case by case, setting to zero the 
appropriate fluxes on the right-hand side. The most efficient way to achieve 
this is to first find the constraints imposed by the homogeneous equations, 
then to plug those with non- vanishing right-hand sides into ( I2.5ip and (I2.52p . 
solving in terms of U. We shall not discuss all possible cases here, but rather 
focus on some interesting examples that make contact with the literature. 
We start by restricting ourselves to solutions with W° = W l = 0, such that 
( I4.20p is considerably simplified. Such solutions occur in the absence of non- 
geometric deformations and for vanishing "magnetic" RR fluxes m° = m' = 
0. 

The three cases of interest for us are: 

• T deformations 

For Gi 7^ there is a unique solution with 

h = i, e~ K + = e 2U , V = . (4.21) 



H deformations 

For Go 7^ there is a unique solution with 



h = \, e~ K+ = e 6U , V = const . (4.22) 



ii 



See appendix [Pi for further explanation of the various deformations. 



31 



• T + H deformations 

For G 7^ 0, Gi 7^ there is a unique solution with 

h = i, e~ K+ = e 2U , V = const . (4.23) 

The fields b % are the real parts of the complex scalars t l = b t +iv t = -S. Let us 
stress that the above result is only sensitive to the presence of Go and Gj, and 
not to the fact that they contain T deformations and H fluxes, rather than 
"electric" RR fluxes. Consequently, ([OT]) - (flT33] ) hold when F ^ 0. However, 
this is not the case for the metric and dilaton, which are sensitive to the 
presence of the RR term F. Let us now rewrite the flow equations H2.69j) - 
(12.721) for F = and in the absence of non-geometric deformations. The 
metric always has the form (14.191) while the structure of the flow equations 
depends on the presence of the torsion T and the NS fluxes H. 

T deformations 

The pure SU (3) structure case, that is when only T deformations are present, 
gives the standard Hitchin flow equations. In the absence of if -fluxes and 
non-geometric Q and R fluxes, the generalised differential operator T> reduces 
to the ordinary differential d. Using (14. 161) - (14. 171) and (14.211) . we find 



<9Jm$° = -rflm$° , (4.24) 

d z Re$° + = -dRe$° , (4.25) 

dlm$°_ = , (4.26) 

dRe^ + = , (4.27) 



which are easily recognised to be the Hitchin flow equations describing a 
par ticular class of SU(3) structure six-manifolds that are known as half-flat 
[46(] . More explicitly, the necessary and sufficient conditions for an SU(3) 
structure manifold to be half-flat are 

dRe§° + = -d(J A J) = , (4.28) 
dlm$° = d(lm tt v ) = . (4.29) 

The other two pure spinor equations give rise to 

dirndl = dJ = -d z (lm tt v ), (4.30) 

dRe$° = dRe tt v = -^d z (J A J) , (4.31) 
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and imply that the total non-compact seven-manifold, constructed by the 
fibration of the six-manifold over the direction transverse to the domain wall, 
has GVholonomy. These equations were first derived in the physics literature 
for a domain wall solution with 7^ in 14], |46j . Here we have given their 
formulation with the general torsion compatible with the half-flat condition, 
and with constant ten-dimensional dilaton (6 = for convenience). 



H deformations 

Let us now consider the case with non-vanishing NS H-flux in ten dimensions. 
The appropriate configuration which could give rise to a domain wall after 
compactification to four dimensions is generated by a stack of NS5-branes. 



As discussed in [46[, it is possible to smear an NS5-brane over three of its 
four transverse directions such that the harmonic function depends on only 
one direction, which descends to the direction perpendicular to the domain 
wall in four dimensions. For such a configuration the ten-dimensional string 
frame metric, H-field and dilaton take the form 

ds 2 = ds^ + dz 2 + dsy(z) , (4.32) 
6 = 6(z) , 

H e H 3 (Y,R) , (4.33) 

where the flux H is harmonic (12.71) . When Y is Calabi-Yau, the mirror 
manifold Y is precisely the half-flat, SU (3) structure manifold with vanishing 



H-flux and constant dilaton [46| discussed in the previous subsection. In 
this case Y has SU(3) holonomy and the pure spinors $-1- are the familiar 
Kahler form J and holomorphic three-form Q, both of which are closed. 
The transverse flow of the pure spinors is then supported solely by the H 
deformations. The metric (I4.32p evidently coincides with (14.191) . while H is 
harmonic by construction (12.61) . From (14.221) and (12.341) , we find that the ten- 
dimensional dilaton is = e 2U . In this case the domain wall flow equations 
become 

c^Im [e-* $° ] = , (4.34) 
d H Re [e-+ $°J = -<9Jm [e^ $° ] , (4.35) 
c^Im [e-* $° ] = , (4.36) 
d H Re [e~* $° ] = d s Jm [e~* $° ] . (4.37) 
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T + H deformations 



We shall now consider the most generic geometric background with F — 0. 
As one can see from equations (14.211) and (I4.23p . it is quite similar to the T 
background, apart from the fact that the NSNS two-form scalars can take any 
constant value, not necessarily zero. The ten-dimensional dilaton is constant 
and we choose = for simplicity. The flow equations are then 

<9 2 Im$° = -d H lm$° + , (4.38) 

d z Re$° + = -d H Re<5>°_ , (4.39) 

d H Im$ Q _ = , (4.40) 

d H Re<S>° + = . (4.41) 

This set of equation were first derived in |5f, where it was shown that they 
describe the embedding of an SU (3) x SU(3) structure manifold into aG 2 xG 2 
structure manifold. In particular, it was shown that the flow equations lift 
to a set of conditions which an describe a generalised G 2 structure p , p on 
My = Y xl z which is integrable with respect to H, as we described in detail 
above (see (I3.27j) and (13.281) ). A particular case of such backgrounds with 



only eoA 7^ is included in the analysis of [15j. In the absence of the flow 
terms (i.e. the d z terms), and if if is a primitive (2, l)-form, then these 
equations are equivalent to Gualtieri's definition of a twisted generalised 
Kahler structure (see section 6 of 0]). 



4.2 Non-geometric deformations 



Finally, we shall comment briefly on the case of non-geometric backgrounds. 
From the four- dimensional perspective, whenever W 3 = the dilaton (p 
and the metric take the form (I4.16P and (14.191) . even in the presence of 
non-geometric deformations. As a consequence of (I4.17p . the flow equations 
( 12TB9]) - (I2T72|) can then be written as 



"Dim 
<9 z Im 

c^Im 
£>Im 



h $1 
h 6° 



0, 

-VRe 
VRe 
, 



h $° 



(4.42) 
(4.43) 
(4.44) 
(4.45) 
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where the precise expression for the dilaton can be obtained by using (14.201) 
to determine K + , analogously to the geometric case. We shall limit ourselves 
to the example of Q deformations, for which we find a solution with 

h = 1, e- K + = e~ 2U , b* = , (4.46) 

and, therefore, the dilaton in (I4.42p - (14.451) is given by = e~ 2U . 

Turning to the comparison of the flow equations, we recall that in ten di- 
mensions our derivation assumed that the background was globally geomet- 



ric. Nevertheless, it has been argued [34j that one can formally incorporate 



non-geometric charges in the pure spinor equations for N — 1, maximally 
symmetric vacua by replacing the twisted derivative dn appearing there with 
the generalised derivative T> (12.121) . We shall not pursue the non-geometric 
case in any detail here, but note that on substituting dn — ► T> in the domain 
wall pure spinor equations derived in ten dimensions (I4.7l) - (l4.10p . we find 
formal agreement with the four- dimensional result presented above (14. 42ft - 

(533}. 



5 Discussion 

We have studied BPS domain wall configurations in gauged four-dimensional 
supergravity arising from type II supergravity compactified on an SU (3) x 
SU(3) structure manifold. Starting in four dimensions, we used standard 
manipulations of the supersymmetry transformations to derive a set of flow 
equations for the scalar fields of the vector and hypermultiplets in a domain 
wall background. We then showed how these equations could be recast as 
a set of generalised Hitchin flow equations, describing the embedding of the 
SU (3) x SU (3) structure manifold into a G2 x G 2 structure, or generalised 
G2, manifold, provided that the pure spinors satisfied (T>Im$°_, $ ( }_) = 0. 
Interestingly, from the ten-dimensional perspective, this condition follows 
directly from one of the supersymmetry constraints for a domain wall config- 
uration (I3.20p and the compatibility constraint (IB.lOj) for an SU (3) x SU (3) 
structure manifold. 



For simplicity, our ten-dimensional analysis focused solely on configura- 
tions that could give rise to domain walls in four dimensions preserving at 
least two supersymmetries. This allowed us to adapt the formalism previ- 
ously used to describe maximally symmetric type II supergravity vacua in 
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terms of pure spinors. As we have already noted, the conditions of Grana et 
al. [6| are strictly for backgrounds preserving at least J\f = 1 supersymme- 
try in four dimensions. The same applies to the domain wall configurations 
here, and by carefully comparing our ten-dimensional result with the orien- 
tifold truncation of the four-dimensional counterpart, we were able to show 
a precise agreement between the two approaches. 

This matching between the equations describing domain wall vacua in the 
ten-dimensional and four-dimensional theories is a useful test of the SU (3) x 
SU(3) structure compactification procedure proposed in (§]. For maximally 
symmetric vacua this check was carried out in |34|. As we argued above, 
due to the prevalence of domain wall vacua in gauged supergravities our 
results provide a valuable additional check. Furthermore, the generalised 
Hitchin flow equation for domain walls derived here are symmetric under 
the proposed generalisation of mirror symmetry for SU (3) x SU (3) structure 
backgrounds: 

<-> $° , F IIA <-> F IIB ■ (5.1) 

The flow equations we derived in ten dimensions also included a non- 
trivial warp factor A. However, in order to make a strict comparison with 
our four- dimensional result we made the standard assumption that the warp 
factor vanishes [9|. It would be interesting to reconsider domain wall vacua 
in warped compactifications directly in terms of M = 1 supergravity in four 



dimensions. In 42] it was suggested that the appropriate four-dimensional 
effective theory for warped SU(3) x SU(3) compactifications is a partially 
gauge fixed version of matter-coupled, M = 1 superconformal supergravity 



(see also 30|). However, the relation between this and the warped version 
of the off-shell approach of || remains unsettled. In future work, we aim 
to reassess 'warped' domain wall vacua in the M = 1 superconformal theory 



and determine their relation to the cases we have considered here 45 



Finally, we shall briefly comment on the applications of the generalised 
Hitchin flow equations we have derived to gauge/gravity duality. Recently, it 
has been realised that Chern-Simons-matter conformal field theories are dual 
to massive type IIA supergravity solutions of the form AdSjX CP 3 , with the 



Romans mass F acting as a deformation parameter (see [48|, |49| and refer- 
ences therein). It has been suggested in [48( that the appropriate equations 
for describing the gravity duals of such Chern-Simons-matter theories should 
be a generalised version of the Hitchin flow equations. Therefore, our re- 
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suits (j3.21j) - (l3.24j) should prove useful in constructing interesting examples 
of these gravity duals. 
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A Conventions 

The gamma matrices in ten dimensions satisfy {^m,1n} = ^9mn- In four 
dimensions we use the mostly-minus convention for the metric, making it 
easier to compare with the gauged supergravity literature, whereas in ten 
dimensions it is more convenient to use the mostly-plus convention. The 
details of how to change between conventions can be found in section HI 

The covariant derivative on spinors is defined as Dm = 9m + j^m^^ab, 
where flat indices appear underlined. All four- and six- dimensional gamma 
matrices are Hermitian, apart from 7 = —7^. The four-dimensional gamma 
matrices are chosen to be pure real, while the six-dimensional gamma matri- 
ces are pure imaginary. With these definitions, the chirality matrices are 



Note that with our conventions 75 is pure imaginary. The ten-dimensional 



75 = z7o..-73 = -75 
77 = -«74 • • • 79 = -7? 




(A.l) 
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gamma matrices can be decomposed as 

r M = 7/J ® 1> F m = 75 ® 7m , (A. 2) 

where p labels four-dimensional directions and m labels six-dimensional di- 
rections on the internal manifold. The ten-dimensional chirality matrices 
are 

r 5 = 75 ® i , r 7 = i ® 7 7 , r X i = 75 ® 77 = r^. (A.3) 



We often use the democratic formalism [38j|, where all spinor indices sup- 
pressed. For instance, e = (e^e 2 ) is a doublet of ten-dimensional Majorana- 
Weyl (MW) spinors. For type IIA backgrounds the supersymmetry param- 
eter is a ten-dimensional Majorana spinor e that can be split in two MW 
spinors of opposite chirality: 

e = E X + e 2 , r ( i 0) ei = e x , r (10 )e 2 = -e 2 . (A.4) 

In type IIB the two supersymmetry parameters ei^ are MW spinors of posi- 
tive ten-dimensional chirality {P{ys)^\,% = e i,2)- 



B Pure spinor definitions 

Recall that generalised complex geometry studies structures on the direct 
sum of the tangent and cotangent bundles T y © TX 0, S, 0, 0, 0]. A gener- 
alised almost complex structure J is defined as a map of T y © TX onto itself 
such that J 2 = —I, and obeys the Hermiticity condition J l 5J = 5, where 
5 = (° J) is the natural metric on T y © TX . The existence of 5 implies that 
the structure group on T y ©T y is reduced to 0(6, 6). Spinors lie in represen- 
tations of the Spin(6,6) cover group, although often one refers to the related 
representation of the Clifford algebra Clifford(6,6), which can be defined in 
terms of matrices A m , p n obeying the following algebra jl, @] 

{A m ,A"} = 0, {A m , Pn } = C, {p m ,p„} = 0, (B.l) 

where 5™ is the 6 + 6-dimensional metric on T y © TX, described above, and 
m,n = 1, . . . , 6. One can also find a representation of this algebra in terms 
of forms using 

A m = dx m A , p n = i n , (B.2) 
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where i n = id n dy ai A ... A dy ap = pd^dy 0,2 A ... A dy a ^ is the familiar con- 
traction i n : A P T* — > A P_1 T*. The spaces of positive and negative chirality 
Spin(6,6) spinors are seen to be isomorphic to spaces of even and odd degree 
differential forms on Y. A pure spinor \ is annihilated by a six-dimensional 
subspace of Clifford(6,6) and is equivalent to a polyform, or formal sum of 
forms, of even or odd degree. Furthermore, one can show that there is a 
one-to-one correspondence between the line bundle of pure spinors and gen- 
eralised almost complex structures. We refer the reader to [tJ for further 
details and to for details of the isomorphism between Spin(6,6) spinors 
and forms. 

We shall make much use of the Clifford map, which relates Spin(6,6) 
spinors to Spin(6) bispinors 0,0]: 

* = E ^S..-A mi A • • • A dxmk «— > i = E xfxS!... mfc 7 mi ~ mfc '( B - 3 ) 
fe fc ■ 

where 7 m are the Clifford(6) gamma matrices defined in appendix |X] and g mn 
is the metric on Y. Purity then reduces to saying that 3 linear combinations 
of the gamma matrices annihilate ^. 

We will also use the Mukai pairing between forms, which is antisymmetric 
in six dimensions. Using the Clifford map, the Mukai pairing can be defined 
in terms of the spinor trace over the product of bispinors A and 

(A k} B 6 _ k ) = t^Tr( ^A k ^ k )vo\ 6 , (B.4) 

o 

where vo^ is the volume of Y. For pure spinors, which are polyforms, the 
Mukai pairing selects only the top degree forms i.e. it is always proportional 
to vol 6 : 

(A, B) vol 6 = {A A a{B))\ top , (B.5) 
where we use the involution a which reverses the order indices on a form. 



For a collection of useful Mukai pairing properties, see appendix B of [34| . 

For the backgrounds we are interested in we can decompose the ten- 
dimensional spinors as in (13.171) (for type IIA) and associate two pure spinors 
to the internal spinor components rj+ and 77+ , which for now we will take 
to have unit norm: 

t+ = V? ® ^ 2)t , t- = ® r] m . (B.6) 
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We can rewrite these bispinors in terms of polyforms of definite parity using 
the Fierz identities: 

$ ® rj£ ] ] = ~ ^± 2) t 7 mi "" m *^+ 1) 7 mk, " mi • (B.7) 

k 

It is important to note that the slash and conjugation do not commute for 
pure spinors: 

W) = t + = i& ® V m , W) = ~f-= V W ® ^l 2)t • (B.8) 

When the context is clear, we shall drop the slash on pure spinors for nota- 
tional convenience. 

Given a pair of pure spinors x±, they will each define an SU (3, 3) structure 
on Ty ©Ti.. If, in addition, they obey the following set of compatibility and 
normalisation conditions they define an SU(3) x SU (3) structure. First note 
that an element V — v + £ of T Y © T y acts on a polyform as 

V-x = tvX + ^\X ■ (B.9) 
Compatibility is then given in terms of the Mukai pairing as 

(x+,V-X-) = 0=(x + ,V-X-) , (B.10) 



for any V G T Y Q)T y , and pure spinors constructed as in ( IB. 61) are automat- 
ically compatible. The normalisation condition is 

(X + ,X + ) = (X-,X-) ■ (B.ll) 

In it was shown how the type II supersymmetry transformations can be 
written in an elegant form in terms of pure spinors using the Clifford map. 
The same manipulations can be applied to the domain wall backgrounds 
we are interested and we refer to ]y, 0] for further details of these calcu- 
lations. The obvious difference, however, is the appearance of a transverse 
r-dependence in the domain wall metric (13.11) . Following ji^], we shall choose 
a local frame on Y such that the vielbein obey (eg™ 1 )' = —^g mp 9p n ea n , 
where g' pn is symmetric in its indices. In order to manipulate the terms 
involving transverse derivatives we then use the following identity 

dr(i ± ) = (drX^^X^ = (W ± T ^7 m i ± 7") 

(B.12) 
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C J\f = 2 supersymmetry transformation laws 



Here we shall explicitly state the supersymmetry transformation laws for 
the M = 2 theory described in section [2J taking advantage of the results 



24, l25|, 12J, [27|, [50|. They take the following form: 



5X lA 

5(a 



5V£ 



5B 



5t k 



D,e A - ~M AS #a^ S ■ a?e B + [iS A ^ + e A6 T~] 7 V 



*PuA*d»<l u ^ A ~ iM^E Ki M^ A ^e A + N A e 



A ) 



- l ^ ul "e A -i^ 1 a e A , 



+ [ifk x 7m £ e ab + if i ^AI^b^ 



~ \ £ A 7nv(dl4A Aa ~ £ A 1^C^AA& 



—kA 

A e A , 

P U A, (fe A + C^e A %e 6 ) . 



c 



(C.l) 



(C.2) 



In the case of an £77(3) structure compactifications there are no massive 
tensor multiplets, that is (IC.lj) and (1C.2j) describe a standard M = 2 gauged 
supergravity [50(] . This is tantamount to saying that all the tensor multiplets 
can be dualised into scalars. More specifically, it implies = B^ v = 
and that P U A& is the vielbein of the quaternionic manifold parameterised 
by the hyperscalars q u . The specific gauging is Abelian and it is described 



m 
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The fermion shifts S A g, W iAB , 



N£ are completely determined by 
specifying the triplet of superpotentials W (I2.27p - (12.30p . Their explicit form 
is given in (12.331) . 



In the case of an SU (3) x 577 (3) structure compactification [27J the theory 
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features h^ 1 ' 1 ^ + 1 tensors 



B 



(C.3) 



where e A = (e A , caa) and B I/JiV = (B A U , Ba^ u ) are dual to the RR scalars. 
It is important to note that the combination of RR scalars appearing in the 
fermions shifts (12.331) is gauge invariant 27|, that means that it is not the 
combination of scalars that is dualised into tensors. For this reason the flow 
equation (12.550 has the same structure in both SU{3) and SU(3) x SU(3) 
structure case. 

The tensors appear in the fermionic supersymmetry transformation laws 
HO. If) through the Hodge dual of their field strength H A = *dB A . The scalars 



q u that have not been dualised are parameterised by the rectangular vielbein 

Pu 
Aa 



24 . We have defined for convenience 



where efe^ = 5 A . Similarly we define 



= e A u; 7 , 
U£ & = e A Uf & 



(C.4) 

(C.5) 
(C.6) 



The triplet of sup erpotentials W can be derived from [27| using the techniques 
described in [24| and is given by (12.380 . 



D 4D M = 2 supergravity and 577(3) x SU{3) 
structures 

In this appendix we will briefly review SU(3) and SU (3) x SU(3) compact- 
ifications from the perspective of four- dimensional M = 2 supergravity. For 
further details and a complete discussion of the Kaluza-Klein procedure for 
SU(3) and SU(3) x SU(3) structure manifolds, we refer the reader to 0, @]. 

SU(3) structure 

When Y has SU (3) structure or SU (3) holonomy, the pure spinors are defined 
in terms of the complex three-form 

n = Z A a A - G A (3 A , (D.l) 
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and the real Kahler two-form J, which is often combined with the 5-field 
into a complex two-form 

B + iJ=^uj i , (D.2) 

where 

K , w*) 2 = 1,.../^, A = 0,1,.../^ , (D.3) 

and X % ) and Z" 4 are homogeneous complex coordinates for the Kahler 
and complex structure moduli, respectively. In the Calabi-Yau case, ( ID. 31) 
are the usual basis of harmonic forms. 

We are not going to consider the most generic SU(3) structure and 
SU(3) x SU(3) manifolds but we will restrict to those that, according to 
jsj], reduce to the J\f = 2 ungauged theory in the limit of vanishing gauge 
coupling. This is achieved by deleting the triplet 3 and 3 representations 
in the SU(3) and SU{3) x SU{3) field decomposition For the SU(3) 

structure case this means that the torsion classes W4 and W5 must vanish 



5jJ. The failure of the basis of forms to be closed can then be expressed as 

da a = e-Ai oj\ df3 A = efuj 1 , 
dui = efa A - e A i/3 A , dJ = , (D.4) 

where we do not write the terms that vanish under the Mukai pairing. 

It is convenient to introduce a zero-form uq = 1 and a six-form uj° such 
that J to = — 1 and an index A = (0, 1), A = 0, 1, . . . ftA 1 ' 1 ) in order to allow 
us to write the two pure spinors as 

$° = X a lo a - F A oo A , (D.5) 

$° = Z A a A - G vA f3 A , (D.6) 

that is 

$0 = X°e B+iJ , $° = r]Q , (D.7) 

where X° can be fixed to any constant phase, while 77 is a normalisation 
factor that we shall fix later (ID. 13|) . 

In ( ID. 51) (X A , Fa) is a symplectic section and Fa = -§^k, where F is the 
holomorphic prepotential for the Kahler moduli defined by 

1 „ X' l XiX k , , 

F = ~^ k xQ . (D.8) 
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The scalars t % = parameterise the special Kahler manifold of the vector 
multiplet sector of the resulting four-dimensional theory, with the Kahler 
potential given by 

e~ K+ = | J JAJAJ. (D.9) 

Similarly in flTXll (Z A , G A ) is a symplectic section and G A = -§§x > where G 
is the holomorphic prepotential for the complex structure moduli defined by 

i ya yb yc 

G = ~J l d abc ^^. (D.10) 

The scalars z a = ^ parameterise a special Kahler submanifold of the quater- 
nionic manifold in the hypermultiplet sector of the four- dimensional theory, 
with Kahler potential K_ defined as 



K ~ =i QAQ . (D.ll) 



e 

The rescaled sections introduced in ( ID. 61) are defined as 

(Z*,G vA ) = V (Z A ,G A ) , (D.12) 
where the normalising factor is given by 

K_ -K, 

Tj = e — — . (D.13) 

The rescaling (12. 4ft is performed in order to give the correct normalisation of 
the pure spinors ( IB. 111) . As we shall describe later, it is often more convenient 
to define twisted differential, rather than use the twisted differential form 
described above. For vanishing B field, J and Q satisfy the usual SU(3) 
structure conditions 

JAQ = 0, -J AJ AJ = --rfttAQ. (D.14) 
3! 8 ' V ; 

The conditions (ID.14I) are the equivalents of (IB.10I) and (IB.llj) . 



T and H deformations 



We will refer in the following to the (ef, CAi) deformations as T deformations, 
since they are all geometric deformations induced by the torsion. As we want 
to consider the presence of NS fluxes 

H = e A a A -e 0A f3 A , (D.15) 
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it is convenient to define a twisted derivative operator = d — HA, such 
that on the 577(3) structure manifold basis, extended with (cu , cu°), we have 

d H a A = e AA u A , d H f3 A = ej^u: A , 
d H u A = e A a A - e AA f3 A , d H u A = . (D.16) 

We will refer to (e A , e 0A ) as H deformations. Note that d 2 = d\ = implies 

e AA e\ - e As e\ = . (D.17) 



SU(S) x SU(S) structure 

When Y 6 is an SU(3) x SU(3) structure manifold, both the even and odd 
basis forms on the truncated spaces of forms 

(cD A , uj a ) A = 0,1,... , {a A ,(3 A ) A = 0,1,... , (D.18) 

are defined as polyforms, such that both pure spinors are polyforms and are 
given by 

<f>^ = X A u A - F A uj a , (D.19) 
^_=Z A a A -G vA (5 A . (D.20) 

The Kahler potentials are defined by 

^ K± = % J <$° , 1^) . (D.21) 



e 



Hatted quantities are introduced to distinguish the more general SU(3) x 
SU(3) structure case. In order to include the RR fields, we define a third 
polyform E 

£ = ( A a A -(J A , (D.22) 

where (£ , Ca) are the RR scalars, that in the four-dimensional theory belong 
to the hypermultiplet sector. When the theory is truncated to an Af = 1 
spectrum it is further convenient to introduce the combination 



IL = rj 



t + ilm(CQ) . (D.23) 
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The compensator C [35|, [36J is given by 



C = 2e tf) e^ 



(D.24) 



where the phase e %e identifies the orientifold projection, e.g. in the SU(3) 
structure case one has 



a* J = -J 



a*tt = e 2ty tt . 



(D.25) 



The operator a* is in fact the pullback of the involutive symmetry a a in the 
orientifold projector O = fl p (— 1) L cr 3JJ [36J|. The normalisation factor fj is 
defined as 

(D.26) 
(D.27) 



where 



r] = e 2 , 



Together these imply 



fj = \e v ~- 



Note that since fj — rj\C\ 1 we can rewrite (ID. 231) as 



n 



?7E + iIm(e ie $_) 



(D.28) 



(D.29) 



In order to write Rell_ in a convenient way we introduce the rescaled RR 
scalars 

(Of, U) = V(C A , (a) ■ (D.30) 
Finally, we can define the rescaled RR flux as 



hf lux 



(D.31) 



Non-geometric Q and R deformations 

In the SU(3) x SU(3) structure case with vanishing triplets the basis forms 
of the truncated spaces of forms are not necessarily of pure degree. This 
leads one to define a new generalised differential (see e.g. and references 
therein) 

V = d-HA -Q- -i? L , (D.32) 
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where Q- and act on a generic fc-form C as 

(Q ' C)mi...m fc _ 1 — Q [ mi Ca6m2...m fc _ 1 ]5 (R ] -C) rni/rnk _ 3 

The action of X> on the basis forms gives 

£>/3 A = 



i2 a6c G 



T>dA = -m A uJ A + e AA u A , 
Vlja = e A a A - e AA p A , 

while T> 2 = implies 

e^Ae^s - e As e\ = 0, 



AS 



-m AA u A + e A u A 
VCj a = m AA a A - m A 3 A 



m A m Ai: — m^m AA 

A^A 



abcmi ...mfe_3 • 

(D.33) 



(D.34) 







(D.35) 



DA R A 

CylA^ — e A m A 



e.m 



e B m AA 



0, e A A^B - &BA m A = 

0, e^m^ - e B Am AA = 



(D.36) 



The parameters m Al ) are due to the action of the operator Q- , while 
(m A , m 0A ) are due to the action of _R L . We will refer to the former as Q 
deformations and to the latter as R deformations. While Q deformations do 
not spoil the local geometric structure, the R deformations do i.e. they are 
conjectured to arise from non-geometric compactifications. 

Using the previous basis one finds 



F 



(X A e A - F A m AA ) a A - {X A e AA - F A m A ) 



(D.37) 



[{Z A m A - G vA m AA ) il) A - (Z A e AA - G vA e A ) u A ] ,(D.38) 



C A m A 



Urn AA )u A -(( A e AA -( A e A )u; A 



- [m A u A - e A u A ] , 
where we have defined the total RR contribution as 

F = V± + F flux , Ffj = f}F . 



(D.39) 



(D.40) 



The SU (3) structure case is recovered from (1D.37I) - (1D.39I) by setting V — > dn 



and m A 



in 



AA 



m 



0. 
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E From domain walls to Hitchin flows 



Here we shall reproduce this main steps of the calculations of section [5] that 
allow us to retrieve the Hitchin flow equations from the first-order differential 
equations describing domain wall configurations in four dimensions. The 
manipulation of (I2.54p is quite straightforward. We introduce for convenience 
the real symplectic vector (W A , W A ) 



W A =n-P A , W A = n ■ Q A , 
such that the superpotential (I2.27P can be rewritten as 

W = e^r (X A W A - F A W A ) , 



(E.l) 



(E.2) 



where explicitly 



W J 



ReG A + kICI^U) m 



A A 



ReZ A + ^\C\- l ( A )m 



k\C m 



i _a 



Wa = 2U 1 



(ReG A + k\C\- 1 Ca) e\ - (ReZ A + k\C\' 1 ( A e AA ) - k^ 1 e A 



(E.3) 



and Kj = — i is cL constant according by (12.481) . Assuming that n only depends 
on the quaternionic scalars, the vectors flE.lj) are independent of the t l and 
we can rewrite equation f)2.54p as 



d r t l 



dj(e—hX A )W A - dj(e—hF A )W J 



(E.4) 



We can now proceed exactly as in 15] , as the specific structure of ( IE. II) plays 
no role in the manipulations. 

Following the procedure outlined in 16J, we introduce the symplectic 
section 

'Y A \ , ttm £± /X AN 
■ Fa. 



(E.5) 



and from ( IE. 41) we obtain 
0, 



Y A — Y 
•F a — F A 



-ie 



(l-p)U 



W A 

w A 



(E.6) 
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Note that (1E.6|) can be formally integrated to give 

flm(hX A )\ _ fl A m AA - X A m\ - lm A \ . , 

\lm(hF\) J ~ { l A ei-l A e AA -le A ) ' ^ J > 

where (T A , I A ) and X result from integration and their explicit form is not 
relevant for our purposes. Plugging (1E.7j) into (1D.37I) and using (ID. 361) we 
deduce 

dlm{h$° + ) = . (E.8) 
Another important consequence of (IE. 71) and (ID. 361) is that 

Im(hW) = . (E.9) 



Note that if we multiply (IE. 91) by n we obtain (I2.52p . Moreover, (1E.7I) and 
( lD~36j) imply that only (Re{hX A ), Re{hF A )) appear in hW. 

Equation (l2.55l) is more difficult to manipulate. Actually, we are just 
interested in the scalars (z a , z a ) in the special Kahler submanifold param- 
eterising the complex structure deformations. Rewriting (I2.55P in complex 
coordinates and assuming that W 2 = 0, we obtain 



d rZ a = Te- pU g al \v- b (e^ Z A )£ A - \7- b (e^G A )£ A ] , (E.10) 



with 



£ A \ _ , + 5± (Re(hF) A m AA - Re(hX A ) e A \ 
Sa) \Re(hF) A m A -Re(hX A )e AA J ■ ^' AAJ 

As (IE. 101) has the same structure as (1E.4I) it can be manipulated with similar 
techniques. Let us make some comments on the derivation of (1E.10I) . First 
of all, observe that due to the structure of the quaternionic metric [52| the 
equations for Rez a and Imz a decouple from the rest. Secondly, note that 
F> a W 3 = 0, since W 3 does note depend on (Rez a , lmz a ) (see (12.331) and 
(I2.38P ) and that the connection components u l , uj 2 are zero along the direc- 
tions (Rez a , Im^ a ) [52]. Thirdly, we used that e~(Z A , G A ) is a covariantly 
holomorphic section. Finally, we imposed W 2 = (and consequently n 2 = 0) 
in order to remove a contribution which would have spoiled the structure of 
(lE.lOp . Introducing, as before, a new symplectic section 



^ -e^ u ^e^( Z f) , (E.12) 



Qa) \G 



'A 
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we obtain 




-ie^-^ (f) . (E.I3) 



where we have defined A = (n 3 ) 2 and made use of (12.311) . We can formally 
integrate (1E.13I) to obtain 



flmZ A \ fl A ei - J A m AA 



\lmG A J \I A e AA - J A m\ 



(E.14) 



where (Z A , Z A ) again result from the integration. Plugging (IE. 141) into 
(ID.38[) . we immediately see that, by virtue of (1D.35[) . we have 

cflm$°=0, (E.15) 

which is consistent with W 2 = 0. We stress that the assumption W 2 = is 
necessary to get an attractor-like structure (IE.13I) for the complex structure 
deformations analogous to (IE.6j) for the Kahler cone. 

Considering (12.551) for q u = if, together with (12.561) . we can obtain the 
following expression for the four-dimensional dilaton 

e <p = e -V+W i ( E . 16 ) 

where we have used [52| g w = 1 and (I2.3ip with the definitions k = 2| and 

A " 2 



1+k2' 
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